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Mader [Arch. Math. 23 (1972), 219-2241 determined the minimal number of 
l-factors in a X-connected graph having at least one l-factor. We give a simple 
proof of this result and sIightly extend it. 
Denote by F(G) the number of l-factors of a graph G and put 
j(m) = min{F(G): G is m-connected and F(G) > O}. 
Zaks [7], extending results of Beineke and Plummer [2], proved that j(m) > 
m!!. The graph G = K 2k+2 shows that j(2k + 1) = (2k + l)!!. The con- 
siderably more difficult task of determining f(2k) was accomplished by 
Mader [5]. Denote by & the graph obtained from K2k+2 by omitting a 
l-factor, and denote by 1 G ] the order of a graph G. Clearly ,!& is 2k-connected 
so f(2k) < F(&). Making use of his deep results [4] on minimally m-connec- 
ted graphs, Mader [5] proved that 
KY = F@k) foraUk> 1. 
It is easily seen that F(&) is given recursively by the relations F(&,) = 0, 
Jr(&) = 2, and 
F(sk) = =@fsk-l) + F(sk-2))* (11 
In particular, F(,S2) = 8, F(&J = 60, and F(&) = 544. The aim of this note 
is to give a simple proof of a slight extension of this result, relying only on the 
short proof of Tutte’s theorem [6] given by Anderson [l] and independently 
by Mader [5]. This short proof implies immediately that if G is m-connected 
(m > 1) and F(G) > 0 then either F(G) 2 m! or for every pair of vertices 
{x, y}, x # y, F(G - {x, JJ}) > 0. (This simple lemma had been proved 
* This piece of research was done while I was visiting the University of Calgary, Alberta, 
Canada. 
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earlier by Lovasz [3] using a number of his results on the structure of graphs 
with l-factors.) In particular, this implies immediately the following lemma. 
LEMMA. Let G be an m-connected graph with F(G) > 0. Then either 
F(G) > m ! or every edge of G is contained in a l-factor, and 
where A(G) denotes the maximal degree in G. 
Define g(2k, A), k > 1, A > 2k, recursively, .by g(2, A) = 2, g(2k, A) = 
min{(2k)!, Ag(2k - 2, Al): 2k - 2 < A1 < A and if A < 2k + 2 then 
2k - I < Al}. It is easily checked that 
and for k > 3 
g(4, A) = min{2A, 4!}, 
g(2k, A) = #A(2k - l)! ! if2k<A<2k+2 
= min{$A(2k - 2)(2k - 3)!!, (2k)!} ifA>2k+3. 
Thus, putting 
we have g(2) = 2, g(4) = 8, g(6) = 60, g(8) = 560, and 
g(2k) = (4k,‘3)(2k - l)! !, k > 2. m 
THEOREM. If k > 1 then 
If K > 4, 1 G 1 > k + 2, G is 2k-connected, andF(G) > 0 then 
F(G) > (4k/3)(2k - 1) ! ! > F(&). (4) 
If k > 2, 1 G I = 2k + 2, G # & , and G is 2k-connected then 
In particular, for k > 4 the graph Sk is the unique 2k-connected graph with 
j(2k) l-&tors. 
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ProoJ Let Sk+ be the graph obtained from Sk by adding an edge to it. If 
1 G [ = 2k + 2, G # Sk, and G is 2k-connected then G contains Sk-+. Since 
F(&+) = R&J + F(&& inequality (4’) holds. 
To prove (4) put 
j(2k, A) = min{F(G): G is 2k-connected, 1 G 1 > 2k + 2, 
A(G) = LI and F(G) > O}. 
Our first aim is to show that 
C’k 4 2 A=, 4 for every k 2 1 and A > 2k. (5) 
We do this by induction on k. For k = 1 the inequality is contained in the 
lemma so suppose k, > I and (5) holds for smaller values of k. Let G be a 
2kconrtected graph such that 1 G 1 > 2k + 2, A(G) = A, and J(G) > 0. 
Note that 1 G 1 > 2k + 4. We have to show that 
By the lemma we may assume that every edge of G is contained in a l-factor 
of G. Pick a vertex x of G with degree A, and let Vz be the set of vertices 
adjacent to X. For JJ E Vz put HV = G - {x, JJ]. Then 
Put Av = A(Hu). Note that if A < 2k + 2 then x is joined to A - 1 < 
2k + 2 vertices in I&, , and as Hv has at least 2k + 2 vertices, there is a 
vertex z in Hv not joined to x. This vertex z has degree at least 2k - 1 in Hv 
so Av > 2k - I. By the choice of x we always have 2k - 2 < Av < A. 
Consequently the induction hypothesis and (6) imply F(G) > g(2k, A). 
We know that 
Let us show that 
F(&) < g(2k) = (4k/3)(2k - l)! ! for k > 4. (81 
We prove (8) by induction on k. As it holds for k = 4 we proceed to the 
induction step. By (I), (2), (7), and the induction hypothesis we have 
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F(Sk) = w7c3k-1) + %%-2N 
<2k ‘ck- ‘) (2k-j)tl + ‘(k-2) 
t 3 . . 3 (2k - 5)!!) 
=q(2k-5)!!(2(k-l)(2k-3)+2(k-2)) 
Equality (3) follows immediately if we note that by (5), (7), and (8) 
W.6) = mWgW, WMl < f WI < GGJ. 
Similarly (5) and (8) imply inequality (4): 
F(G) 2 d$$ fC% 4 > dW > Wd. 
Finally it should be remarked that Mader [5] proved that already for 
k > 2 the graph Sk is the unique 2k-connected graph withj(2k) l-factors. 
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